The VISTA near-infrared Y JK s survey of the Magellanic System (VMC) is collecting deep K s -band time-series photometry of pulsating stars hosted by the two Magellanic Clouds and their connecting Bridge. Here we present Y, J, K s light curves for a sample of 717 Small Magellanic Cloud (SMC) Classical Cepheids (CCs). These data, complemented with our previous results and V magnitude from literature, allowed us to construct a variety of period-luminosity and period-Wesenheit relationships, valid for Fundamental, First and Second Overtone pulsators. These relations provide accurate individual distances to CCs in the SMC over an area of more than 40 deg 2 . Adopting literature relations, we estimated ages and metallicities for the majority of the investigated pulsators, finding that: i) the age distribution is bimodal, with two peaks at 120±10 and 220±10 Myr; ii) the more metal-rich CCs appear to be located closer to the centre of the galaxy. Our results show that the three-dimensional distribution of the CCs in the SMC, is not planar but heavily elongated for more than 25-30 kpc approximately in the east/north-east towards south-west direction. The young and old CCs in the SMC show a different geometric distribution. Our data support the current theoretical scenario predicting a close encounter or a direct collision between the Clouds some 200 Myr ago and confirm the presence of a Counter-Bridge predicted by some models. The high precision three-dimensional distribution of young stars presented in this paper provides a new testbed for future models exploring the formation and evolution of the Magellanic System.
INTRODUCTION
The Large Magellanic Cloud (LMC) and the Small Magellanic Cloud (SMC) are gas-rich dwarf irregular galaxy satellites of the Milky Way (MW). The Magellanic Clouds (MCs) and the MW represent the closest group of interacting galaxies, providing the best opportunity to investigate satellitesatellite and satellite-host galaxy gravitational interactions (see e.g. D 'Onghia & Fox 2016) . Moreover, the MCs are fundamental benchmarks in the context of stellar populations and galactic evolution studies (see, e.g., Harris & Zaritsky 2004 Ripepi et al. 2014a , and references therein). Indeed, they are fairly close (D ∼ 50−60 kpc; de Grijs, Wicker, & Bono 2014; de Grijs & Bono 2015) , host stellar populations of diverse ages/metallicities, and their morphologies were notably affected by the dynamical interaction between them and with the MW.
There are clear signatures that the SMC is interacting with both the LMC and the MW. In particular, the MCs are connected by a Magellanic Bridge (MB) traced by H i gas but also including a significant stellar content (e.g. Irwin, Kunkel, & Demers 1985; Harris 2007) . Like the Magellanic Stream (MStr), an Hi structure embracing the MCs and extending over a large region of the sky, the MB may be the signature of the MCs' mutual gravitational interaction and/or the impingement of the MW (e.g. Putman et al. 1998; Hammer et al. 2015) . Furthermore, the SMC Wing or Shapley Wing (Shapley 1940) , extending asymmetrically towards the LMC, could be the result of tidal interaction(s). Additionally, the asymmetric and elongated SMC shape, especially when traced by the young population reveals the strength of the gravitational forces acting between the two Clouds.
Very recent investigations of MCs' outskirts revealed a perhaps more complex structure of the whole Magellanic System (MS), including either relics of its formation or the results of strong tidal interaction between the MCs. Indeed: i) a number of ultra-faint dwarf galaxies, recently discovered in the Dark Energy Survey (DES), might be associated with the LMC (Deason et al. 2015; Drlica-Wagner et al. 2015 Koposov et al. 2015; Jethwa, Erkal, & Belokurov 2016; Martin et al. 2016; Sales et al. 2017) ; ii) a stellar protuberance extending by about 10 kpc was discovered by Mackey et al. (2016) within the LMC's tidal radius; iii) Belokurov et al. (2017) used Gaia satellite data release 1 (Gaia Collaboration et al. 2016a,b) to reveal that the LMC and SMC tidal arms are stretched towards each other to form an almost continuous (new) stellar bridge; iv) a stellar overdensity called Small Magellanic Cloud Northern Over-Density (SMCNOD) was discovered 8
• north (N) of the SMC centre by Pieres et al. (2017) on the basis of DES, Survey of the MAgellanic Stellar History (SMASH) and MAGellanic SatelLITEs Survey (MagLiteS) data. These new findings show that perhaps the inventory of the MS is still incomplete.
In this context, recent studies based on proper motion estimates, using Hubble Space Telescope (HST) and Gaia satellite data, suggest that the MCs are at their first passage of the MW (Besla et al. 2007; Kallivayalil et al. 2013; van der Marel & Sahlmann 2016, and references therein) . This suggests that both the MStr and MB are the result of strong interactions between the two Clouds before they interacted with the MW. Furthermore, simulations by Diaz & Bekki (2012) predict close encounters ∼2 Gyr and ∼200 Myr ago, leading to the formation of the MStr and MB, respectively. The same models also predict the existence of a CounterBridge (CB) in the opposite direction to the MB. Other models (Besla et al. 2012) reproduce the formation of the MStr, the off-center bar of the LMC and the formation of the MB, this last under the hypothesis of an impact between the MCs at an epoch between 100 and 300 Myr ago.
Focussing on the SMC, it is commonly thought that this galaxy is composed of two components: i) young stars and H i gas forming a disk; ii) old and intermediate-age populations more smoothly distributed in a spheroid or ellipsoid (see e.g. Caldwell & Coulson 1986; Gardiner & Noguchi 1996; Cioni, Habing, & Israel 2000; Zaritsky et al. 2000; Maragoudaki et al. 2001; Stanimirović, Staveley-Smith, & Jones 2004; Harris & Zaritsky 2006; Bekki & Chiba 2008; Evans & Howarth 2008; Glatt et al. 2008; Gonidakis et al. 2009; Haschke, Grebel, & Duffau 2012; Subramanian & Subramaniam 2012 Rubele et al. 2015, among others) . A common finding among many of the quoted works is that the north-eastern region of the bar/disk is closer to us than its south-western part (as early-on recognized by Welch et al. 1987; Hatzidimitriou & Hawkins 1989) . Moreover, the SMC shows a considerable line-of-sight (LOS) depth whose precise quantitative extent depends on the methods and tracers used for the measure spanning a few kpc to more than 20 kpc (see, e.g. de Grijs, Wicker, & Bono 2014, for a review).
Our view of the SMC and its interaction with its neighbour has changed significantly in recent years. Nidever et al. (2013) used Washington photometry of Red Clump (RC) stars in eight MOSAIC@CTIO-4m fields to identify a stellar structure significantly closer to us (D∼55 kpc) than the main body of the SMC (placed at D∼67 kpc in that work), in its eastern part (around 4.2 kpc from SMC centre). They interpret this structure as a component which was tidally stripped during the last interaction with the LMC (∼200 Myr ago). Using synthetic Colour Magnitude Diagram (CMD) fitting technique, Noël et al. (2015) suggest that the intermediate-age population in the region of the MB closer to the SMC was tidally stripped from the galaxy, as its properties are similar to those of the intermediate-age stellar populations in the inner regions of the galaxy. From a kinematic investigation of Red Giants in the SMC, Dobbie et al. (2014) found the presence of tidally stripped stars associated with the MB.
More recently, on the basis of the VISTA 1 near-infrared Y JKs survey of the Magellanic Clouds system (VMC; Cioni et al. 2011 , see below), Subramanian et al. (2017) identified a foreground population (∼11.8±2.0 kpc in front of the main body), whose most likely explanation is tidal stripping from the SMC. Moreover, they identify the inner region (∼2-2.5 kpc from the centre) from where the signatures of interactions start becoming evident, thus supporting the hypothesis that the MB was formed from tidally stripped material from the SMC.
As for the detailed three-dimensional structure of the SMC, the classical pulsating stars, RR Lyrae and Classical Cepheids (CCs), have been widely used in the literature as distance indicators and tracers of the old (age >10 Gyr), and young (age typically ∼ 50-500 Myr) populations, respectively. Concerning RR Lyrae, very recent investigations based on both near-infrared (NIR) time-series data (VMC survey) and optical OGLE IV survey data , found that the distribution of old pulsators in the SMC has an ellipsoidal shape, with a significant LOS depth (∼ 1-10 kpc) devoid of any particular substructure, though with some asymmetry in the eastern-southeastern region of the SMC (i.e. roughly in the direction of the LMC) which appears to be closer to us (Subramanian & Subramaniam 2012; Deb et al. 2015; Jacyszyn-Dobrzeniecka et al. 2017; Muraveva et al. 2017) .
Using Spitzer mid-infrared time-series photometry of 92 bright CCs in the SMC Scowcroft et al. (2016) confirmed that the galaxy is tilted and elongated, with its eastern side up to 20 kpc closer than the western one. In addition they suggested that the investigated CCs are not distributed on a disk, but rather have a cylindrical shape. The Scowcroft et al. (2016) 's results also seem to support the hypothesis of a direct collision between the MCs to explain the fact that the objects closer to each Cloud when projected on the sky are also physically closer to each other. More recently, Jacyszyn-Dobrzeniecka et al. (2016) presented a thorough investigation of the three-dimensional structure of the MCs based on OGLE IV optical time-series data for thousands of CCs in both clouds. They confirmed Scowcroft et al. (2016) 's results, i.e. the SMC CCs do not have a disk-like distribution, but their structure can be described as an extended ellipsoid. In addition they identified two large ellipsoidal offaxis structures. The northern one is located closer to the Sun and it is younger, whereas the south-western structure is more distant and older. Jacyszyn-Dobrzeniecka et al. (2016) , confirming Subramanian & Subramaniam (2015) 's earlier results, found that the age distribution of the CCs in the SMC is almost bimodal with two peaks at 110 Myr and 220 Myr (an average error of ∼20 Myr is provided by Subramanian & Subramaniam 2015) . According to their results, younger pulsators are located in the closer region of the SMC whereas older ones are more distant. These authors also associate nine CCs with the MB, finding that all of them are younger than ∼300 Myr, in agreement with current theories about the formation of the MB, which foresee that young stars in MB are the result of in-situ star formation from the tidally stripped material from the SMC.
In this paper we exploit the Y JKs time-series photometry collected in the context of the VMC survey for a sample of CCs in the SMC including 97.5% (see below) of the known pulsators of this class in this galaxy. The techniques adopted (template fitting) for the photometry and the average magnitudes for 4172 SMC CCs were presented by Ripepi et al. (2016, Paper I) . The present work enlarges the sample of investigated CCs by 15% (see next Section). In Paper I we adopted our high-precision photometry (complemented with literature V magnitudes) to construct a variety of period-luminosity (P L), period-luminosity-colour (P LC) and period-Wesenheit (P W ) relationships, valid for Fundamental (F), First Overtone (1O) and Second Overtone (2O) pulsators (the first relation to date for this mode of pulsation). The P W was used to estimate the distance to the SMC relative to the LMC and, in turn, the absolute distance to the SMC. We found ∆µ = 0.55 ± 0.04 mag for the relative distance and µSMC = 19.01 ± 0.05 mag or µSMC = 19.04 ± 0.06 mag for the absolute value. The two estimates rely on two different distance measurements to the LMC: accurate CC and eclipsing Cepheid binary data, respectively.
The scope of the present work is to take advantage of the high precision NIR P W to estimate accurate single relative distances for each CC in the SMC, and, in turn, use these data to reveal the 3D structure of the SMC over an area of more than 40 deg 2 covering entirely the SMC body and large parts of its outskirts. The advantage of our data with respect to, e.g. Scowcroft et al. (2016) is that we have a comparable precision in the photometry but an incomparably larger sample. As for the work by Jacyszyn-Dobrzeniecka et al. (2016), we have a comparable sample size, but a higher precision of the single CC distances. Indeed, going to the NIR has several advantages for the CCs as amplitudes are much smaller than in the optical bands, and hence accurate average magnitudes can be obtained using a smaller number of epochs along the pulsation cycle with respect to the optical bands. A particular advantage of the P W using the (V, Ks) bands is that the colour coefficient is the same as that of the P LC. This means that the P W for this particular combination of colours is not only reddening-free and mildy metallicity-dependent (see e.g. Caputo, Marconi, & Musella 2000) , but also devoid of the uncertainties due to the finite width of the instability strip affecting the P L relations and to a lesser extent the P W ones. This paper is organized as follows: Section 2 presents the observations and the analysis of the CCs' light curves; Section 3 illustrates the construction of the new P L and P W relationships obtained in this paper from the enlarged sample of CCs; in Section 4 we find individual distances to CCs in the SMC and discuss their 3D distribution; Section 5 presents a discussion of the results, while Section 6 briefly summarizes the main outcomes of this paper.
SMC CLASSICAL CEPHEIDS IN THE VMC SURVEY
The list of CCs in the SMC used as reference was taken from the OGLE IV survey (Soszyński et al. 2015a,b; Udalski et al. 2015) , whose results supersede those of the OGLE III (Soszyński et al. 2010 ) and EROS 2 (Tisserand et al. 2007 ) surveys used in Paper I. In more detail, OGLE IV published the identification, the V, I light curves, and main properties (periods, mean magnitudes, amplitudes etc.) for 4915 CCs in the SMC The area observed by the VMC survey in the region of the SMC is shown in Fig. 1 , where each square represents one VMC tile (each tile is 1.65 deg 2 on the sky). In this paper we present results for the CCs included in 31 tiles completely or nearly completely observed, processed and catalogued by the VMC survey as of 2016 August 22 (including observations until 2016 March 31). The cross-match between the OGLE IV CCs and VMC sources with at least six epochs in Ks (sufficient to obtain very precise magnitudes) within a radius of 0.5 arcsec returned 4784 matches. Of the 131 missing objects, 55 are located outside of the VMC tiles or in the gap between tiles SMC 5 3 and 5 4 3 , whereas for the remaining 76 we enlarged the search radius to 2 arcsec and inspected the light curve of the closest matching star, as well as the actual position of the targets on the VMC images. As a result, we recovered nine additional CCs with usable light curves, while the remaining 67 objects showed unusable data due to different causes, such as blending, too few epochs (vicinity to borders of the tile) and saturation. After this procedure, the total number of stars with usable light curves contains 4793 objects, which represent the 97.5% of the OGLE IV sample. The classification of the targets in terms of pulsation modes was also taken from OGLE IV. Our sample counts 2684, 1729, 90 and 290 F, 1O, 2O, and mixed modes (F/1O, 1O/2O, F/1O/2O, 1O/2O/3O, where TO stands for Third Overtone) CCs, respectively. Note that with respect to Paper I, the sample analysed here is significantly larger (∼720 additional CCs) and more accurate because: i) OGLE IV covers a larger area with respect to OGLE III and EROS 2; ii) OGLE IV reclassified with different variable types 32 and 10 objects originally classified as CCs in OGLE III and EROS 2, respectively. In total the Table 2 . Photometric results for all the 4793 CCs analyzed in this paper. Columns: (1) Identification from OGLE IV; (2) Mode: F=Fundamental; 1O=First Overtone; 2O=Second Overtone; 3O=Third Overtone; (3) V M C tile in which the object is found; (4) Period; (5) Number of epochs in Y ; (6)-(7) Intensity-averaged magnitude in Y and relative uncertainty; (8)-(9) Peak-to-peak amplitude in Y and relative uncertainty; (10) to (14) As for column (5) to (9) but for the J band; (15) to (19) As for column (5) to (9) but for the Ks band; (20) E(V − I) values adopted in this work. Table 2 is published in its entirety in the electronic edition of the MNRAS. A portion is shown here for guidance regarding its form and content. present sample has 4076 stars in common with that of Paper I. A general description of the observations in the context of the VMC survey can be found in Cioni et al. (2011) , whereas the procedures adopted to study the variable stars were discussed in detail in Paper I and in Ripepi et al. (2012a,b) ; Moretti et al. (2014) ; Muraveva et al. (2014) ; Ripepi et al. (2014b) ; Muraveva et al. (2015) ; Ripepi et al. (2015) ; Moretti et al. (2016) ; Marconi et al. (2017) . Therefore, here we only briefly recall that the VMC Ks-band time-series observations were programmed to span 13 separate epochs executed over several consecutive months. This observing strategy allowed us to obtain well-sampled light curves for the relevant pulsating stars. As for the Y and J bands, the planned number of epochs is four (two of these epochs are obtained with half exposure times). However, additional observations (a few epochs) are usually available for each tile (in particular for the Ks-band) because some Observing Blocks (OBs) executed out of specifications provided usable data. Additionally, the overlap between the tiles and the high density of CCs in the body of the SMC cause the presence of many CCs in two or more different tiles and consequently about 490 CC light curves are sampled with more than 23 epochs. The situation is similar in the Y and J bands, and the number of CCs with more than 10 epochs is 232 and 404 in the Y and J filters, respectively (see Paper I for more details). Again, there are some differences with respect to Paper I, as additional VMC observations were obtained and fully reduced since the time of the writing of Paper I. As a result, considering the sample in common with Paper I, we have now 40 pulsators with approximately twice the number of planned epochs in the Y JKs-bands. In addition, 1229 stars have one epoch more in Ks, while 243 objects show between 2 and 5 additional epochs again in the Ks. As we shall see in what follows, the availability of additional epochs of observations for a subsample of pulsators can lead to slight differences in the measurements of their magnitudes.
The data analysed in this paper were processed by means of the pipeline of the VISTA Data Flow System (VDFS, Emerson et al. 2004; Irwin et al. 2004 ). The photometry is in the VISTA photometric system (Vegamag=0; the VISTA photometric system is described by González-Fernández et al. 2017) . The time-series data used in this work were downloaded from the VISTA Science Archive (VSA, Cross et al. 2012) . More details about the characteristics of CC time-series such as those used in this paper can be found in Paper I.
The VMC light curves in the Y, J and Ks filters of the 717 CCs analysed in this paper and not present in Paper I are shown in Appendix A. Similarly, in Table 1 we publish the VMC photometry for these 757 variables (including the quoted 40 variables having almost twice epochs with respect to Paper I). The complete versions of the table and of the figures are available online on the journal's site.
AVERAGE MAGNITUDES AND P L/P W RELATIONS
We estimated the Y, J and Ks intensity-averaged magnitudes and the peak-to-peak amplitudes for the full sample of 4793 CCs adopting the same techniques as in Paper I. In brief, we constructed eight different templates for each of the three Y, J and Ks bands and used a modified χ 2 technique to identify the best-fitting template. To estimate the uncertainties on the mean magnitudes and the peak-to-peak amplitudes, we adopted a Monte Carlo technique consisting of the generation of 100 mock time-series for each star and each filter, to which Gaussian noise was added with standard deviations σs corresponding to the average errors on the phase points for the target star. At variance with Paper I, we decided to use the Monte Carlo simulations to estimate not only the errors on the amplitudes in the three bands, but also the actual amplitudes, by averaging the amplitudes resulting from the 100 experiments.
We did not use the simulation to estimate the intensityaveraged magnitudes (but only the uncertainties on their values) because we verified that the difference between the magnitudes obtained from the best-fit and those estimated as the average of the 100 simulations, agree very well within the uncertainties. This is because the magnitudes estimated with the templates are only mildly affected by even large errors in the estimated amplitudes, an occurrence that can happen when we have only 4-6 epochs in the light curves (e.g. in the Y J bands).
The result of these procedures is shown in Table 2 which is available in its entirety associated with the online version of the paper. Figure 2 shows the difference between the present and Paper I photometry for the 4076 stars in common. It can be seen that for the vast majority of the stars the difference in magnitude and amplitude is well below 0.01 mag. Figure 3 gives an idea of the typical errors as a function of the magnitudes for the whole sample of 4793 CCs.
The intensity-averaged magnitudes thus obtained were used to construct new P L and P W relations including the new CCs. These relations will be at the basis of our structural analysis of the SMC. Before proceeding, we have to calculate the dereddened Y, J and Ks magnitudes. The last column of Table 2 reports the individual colour excesses E(V − I) derived according to Haschke, Grebel & Duffau (2011) . For the CCs located outside the region investigated by those authors (i.e. the area covered by the OGLE III survey), we adopted a mean value of E(V − I)=0.035 mag, calculated averaging the E(V − I) values obtained for the CCs inside the area covered by OGLE III. For the extinc- Gao et al. (2013) .
As discussed in detail in Paper I, we fitted two relations to the F-mode pulsators because of the presence of a change in slope at Period∼2.95 d. We chose not to recalculate the P LC relations because they are substantially very similar to the P W relations (almost identical in the case of the P W (V, Ks)). With respect to Paper I we used a slightly different technique to perform the least-squares fit to the data. Specifically, we applied to all relations a sigma-clipping algorithm, fixing 3.5σ. This approach guarantees repeatability of the procedure and avoids excluding stars that could be off the ridge-line due to their position and not to photometric problems. The results of these procedures are shown in Figs. 4, 5 and 6 and in Table 3 . A comparison between Table 3 and Table 6 of Paper I shows that the parameters of the P L and P W relations (and relative uncertainties) agree within the errors.
THE 3D STRUCTURE OF THE SMC YOUNG POPULATION
The scope of this section is to determine the threedimensional structure of the young population of the SMC as traced by the CCs. The first step is to estimate the relative distances of each CC with respect to the centre of the distribution of the CCs in the SMC (note that the centre of the SMC is poorly defined, see discussion in de Grijs & Bono 2015) . To this aim we produced a smoothed 2D histogram in the equatorial coordinates α, δ of the studied variables using a box-smoothing area of 0.20×0.20 deg 2 (but the result is only mildly dependent on this choice), as shown in Fig. 7 . This figure reveals that the spatial distribution of the CCs is rather asymmetric and to determine its centre we calculated the average α, δ using only the bi-dimensional bins containing more than 60 counts (we verified that the result is not significantly affected by this choice). The resulting centre is α0=12.54±0.01 deg and δ0 = −73.11±0.01 deg, the uncertainties are the rms of the mean. This result is compared with the literature in Table 4 . Our result is compatible with those estimated from the density of the stars (Gonidakis et al. 2009; Rubele et al. 2015) and consistent in δ but differing by about one degree in α from the previous values inferred from the distribution of RR Lyrae and CCs variables (Subramanian & Subramaniam 2012, 2015, respectively). The next step is to find the relative distances of each CC with respect to this centre. To this aim we decided to use only the P W relations derived in the previous section, because: i) they are intrinsically more accurate with respect to the P L relations; ii) they are independent of reddening; iii) especially in the case of W (V, Ks) the colour term is very similar to that of the P LC relations (see e.g. Ripepi et al. 2012b , and Paper I), which should, in principle, show a negligible dispersion (see e.g. Bono et al. 1999) .
We first calculated the magnitude difference between all CC and the P W relations:
where (λ1, λ2) can assume the value of (V, Ks) or (J, Ks) and the relative α and β values are listed in Table 3 . To transform these ∆W values into absolute distances, we adopted the distance modulus of the SMC we estimated in Paper I, distance modulus µ = 19.01 mag corresponding to DSMC = 63 kpc. The precise value of this quantity does not affect the subsequent analysis (see e.g. Subramanian & Subramaniam 2015) . The individual distances are hence calculated as:
As for the errors on the individual relative distances, the photometric errors are shown in Fig. 3 . For the large majority of the CCs, they are less than 0.02 mag in Y and J, and less than 0.01 mag in Ks. This translates at the distance of the SMC in ∼0.6 and 0.3 kpc, respectively. When using the P W relations the photometric errors are summed in quadrature and become of the order of 0.65 kpc for all combinations of colours used in this work (we adopted an uncertainty of 0.02 mag for the OGLE IV Johnson-V band, see JacyszynDobrzeniecka et al. 2016) . The possible inaccuracy of the reddening law chosen to construct the P W relations could in principle be an additional cause of uncertainty, but the coefficients are very small in the NIR and this contribution is hence negligible. However, the intrinsic dispersion of the various relations adopted can represent the major source of error. Any P L, P W or P LC has an intrinsic dispersion, due to e.g. the finite width of the instability strip, massloss, rotation, differences in metallicity. The major contributor to the intrinsic dispersion is certainly the finite width of the instability strip, which affects significantly the P L (even though in NIR bands the effect is reduced). This effect is much reduced for P W relations. In our case, the most accurate relations at our disposal are the P W (J, Ks) and P W (V, Ks). An estimate of the intrinsic dispersion in these relations is ∼0.04 and 0.05 mag, respectively, as reported by Inno et al. (2016) , on the basis of the up-to-date theoretical scenario of Bono et al. (1999 Bono et al. ( , 2010 . Hence, summing up in quadrature all the sources of errors, our individual relative distance errors are ∼1.35 and 1.6 kpc (at the distance of the centroid of the SMC) for the P W (J, Ks) and P W (V, Ks), respectively. Figure 8 displays the histogram of the results obtained with the W (V, Ks) (Eq. 2; very similar results are obtained with P W (J, Ks)). It shows that there is no systematic difference between the distance distribution of F pulsators before/after the break and 1O pulsators.
Having estimated the individual distances we are now able to calculate the cartesian coordinates for the CCs in- where Di is the distance to each CC calculated based on Eq. 2, (αi, δi) and (α0, δ0) represent the RA and Dec of each CC and the centroid of the sample, respectively. By construction, the X-axis is antiparallel to the RA axis, the Y-axis is parallel to the declination axis, and the Z-axis is towards the centroid of the SMC, i.e. increasing away from the observer.
Ages
An important ingredient for the following analysis is an estimate of the age of the CCs. This allow us to connect the pulsational properties of the CCs to those of the stellar population they belong to. This way we can use the position and the 3D structure of the CCs to infer that of the young population of the SMC, with typical ages of 10-500 Myr. The connection between the period and the age of a CC is rather obvious, given that the P L relations imply that at longer periods we have brighter objects. In turn, the mass-luminosity relation associated with this range of masses means that brighter objects have higher masses and hence younger ages. To estimate the ages of the investigated CCs we adopted the Period-Age-Colour (P AC) relations for F and 1O pulsators at Z=0.004 of Bono et al. (2005) ; Marconi et al. (2006) (see also Anderson et al. 2016 , for the possible effect of rotation on the age of CCs). The reliability of these relations has been confirmed in the literature (see e.g. the discussion in Subramanian & Subramaniam 2015) . To calculate the (V −I)0 colour needed in the P AC relations, we used OGLE IV V, I magnitudes and the reddening values listed in column 12 of Table 2 . The resulting ages are in the range ∼10-900 Myr, with errors of the order of 5-30 Myr (larger errors for increasing ages). The result of this procedure is shown in Fig. 9 . As already noted by Subramanian & Subramaniam (2015) ; Jacyszyn-Dobrzeniecka et al. (2016), the distribution is almost bimodal with two peaks at about 120(±10) and 220(±10) Myr. The bimodality of the distribution is almost entirely caused by F pulsators which are clearly separated depending on whether or not their periods place them before or after the break in the P W relations, respectively. The 1O pulsators appear to have a smoother distribution, encompassing the whole age range of the CC distribution.
5 Moreover, Fig. 9 shows two close main bursts of CCs, and the most recent one seems to have formed less stars.
We note that enhanced Star Formation Rate (SFR) around 200 Myr (to 0 Myr) was shown in simulations (see e.g. show two clear peaks. Also, there is no decline in SFR between the two peaks. Hence, the observed bimodal age distribution among SMC CCs represents an important constraint for the next generation of simulations. It is useful for the following analysis to divide the CCs into young and old samples, using 140 Myr as limiting age. This value is somewhat different from that adopted by Jacyszyn-Dobrzeniecka et al. (2016), as they used the Bono et al. (2005)'s Period-Age relations instead of the more precise P AC ones as we did here. However, this difference is not particularly significant for the following analysis.
Photometric metallicities
Metallicity, as well as age, is an important ingredient in the study of stellar populations. Extensive high-resolution spectroscopic surveys of CCs in the SMC are not available as the current instruments do not allow to carry out such measurements (this will be possible in the future with e.g. 4MOST@VISTA). It is however possible to obtain an estimate of the CCs' iron content based on the shape (Fourier parameters) of their light curves, as demonstrated by Klagyivik et al. (2013) , who found multiband relationships connecting [Fe/H] with the R21 or R31 Fourier parameters. According to these authors, in the MCs their relations hold for F-mode pulsators with periods in the range 2.5-4.0 days. To estimate the photometric [Fe/H] values we thus adopted the Fourier parameters R31 6 published by OGLE IV in the I band and transformed it in the V band, as according to Klagyivik et al. (2013) , the I band is less sensitive to metallicity. The transformation used is the following:
with an rms=0.015 mag (Ripepi et al. in preparation) . Finally, the relations showed in Table 3 of Klagyivik et al. (2013) 6 ). The discrepancies are of the order of 0.2 and 0.15 dex for the whole and the more metal poor samples, respectively. Hence, formally, our values agree with literatures' within ∼ 1σ. However, as already remarked above, we expected to overestimate the abundances by some 0.1 dex due to the lack of metal poor calibrators in Klagyivik et al. (2013) 's work, therefore the slight discrepancy observed is real.
In any case, it is reasonable to assume that the relative abundance differences are usable. Therefore, we searched for possible trends between metallicity and position in the SMC. Figure 11 displays the photometric [Fe/H] values as a function of the distance from us. The figure shows that CCs closer than roughly 60 kpc seem preferentially more metal poor than objects between 60 and and 70 kpc, i.e. roughly around the centre of SMC at 63 kpc. This could imply that the stripped material from which the more external CCs formed was relatively metal poor, while the one closest to the center was enriched between the time when there was a tidal interaction that brought out the material and the time when the cepheids were formed. However we remind our warning about the possible large uncertainties affecting high abundance evaluations. Indeed, considering the sample 
Distribution of CCs on the sky
We divided our sample of CCs according to their distances, adopting an interval of 2.5 kpc between adjacent subsamples. This value was chosen because it is larger than the individual errors on the distances. It is also sufficiently small to allow us to investigate in detail the distribution of CCs in the sky including a statistically significant number of stars in each interval. The result of this exercise is shown in Fig. 12 where we show the distribution of the CCs in the sky (following van der Marel & Cioni 2001, we adopted a cartesian zenithal equidistant projection) at varying distances and different colours for ages < 140 Myr (blue) and ≥ 140 Myr (red). The relative distances shown in the figure have been obtained with the P W (V, Ks), but we verified that the use of the P W (J, Ks) leads to the same results.
An analysis of the figure confirms that the SMC is highly elongated along the LOS. However, the exquisite accuracy of our relative distance determinations allows us to detect more details about the structure of the galaxy. First, using the central circle with radius=0.8 kpc as reference, it can be easily seen that the galaxy is elongated roughly from east (E) towards the west/south-west (W/SW) direction, with the stars in the latter position the farthest from us. The structure of the SMC appears approximately round closer to us (for distances smaller than ∼60 kpc) and becomes progressively asymmetric going to greater distances, assuming an asymmetric distribution with inclination in the northwest (NW)-south-east (SE) direction, that can be clearly seen beyond ∼ 65 kpc. Around the distance of the centre of the galaxy, i.e. 63 kpc, there is a bulk of CCs with approximately round shape (and radius of about 0.8 kpc, as shown by the circle in the figure) that is visible until 67.5 kpc. A strong structure is present in the NE direction between 57.5 and 65 kpc (similar to the northern structure discussed by Jacyszyn-Dobrzeniecka et al. 2016) . At 65 kpc this NE structure disappears and a concentration of stars in the SW direction becomes visible. This feature is present until and beyond 72.5 kpc. There are apparently no clear trends with the age of the pulsators, apart from a striking feature present for distances smaller than 55 kpc (uppermost-left panel in Fig. 12 ) in the easternmost part of the whole galaxy distribution. The pulsators in this isolated region are predominantly older than 140 Myr. We will speculate further on the age trends in the next section.
Distribution of CCs in 3D cartesian space
The distribution of SMC CCs in cartesian 3D space is shown in Fig. 13 , where the left and right panels show the sample of CCs with age ≥140 Myr and age <140 Myr, respectively. The scales along the three axes are the same, so that the elongated nature of the distribution of CCs in the SMC can be easily seen. As already noted by Jacyszyn-Dobrzeniecka et al. (2016) and Scowcroft et al. (2016) , the distribution of CCs in the SMC is not planar, but rather ellipsoidal, irregular and somewhat fragmented. Some of them are more evident in the old sample (age ≥140 Myr), whereas others stand out clearly in the young sample (age <140 Myr). These features can be discussed more in detail by analysing the projection in the cartesian X,Y plane for different values of Z, as shown in Fig. 14 and 15 for the old and young samples, respectively. An analysis of these figures reveals a close similarity with Fig. 12 , indicating that the elongation of the SMC is almost along the LOS. The presence of an offcentre eastern structure for Z of less than approximately 60 kpc is confirmed. This structure is almost completely populated by CCs of the old sample, which also shows an extreme E/SE component, almost absent from the young sample. Beyond 60 kpc the general distribution of CCs is more centred, and the most evident substructure is shifted towards the NW. Between 60.0 and 62.5 kpc, this north-eastern substructure is more evident in the young sample, which seems to show a possible trimodal distribution in this interval of distance. Looking at Fig. 13 right panel and Fig. 15 mid-leftmost panel, the possible centres of this trimodal distribution are located approximately around (−0.5,0.0), (−1.0,−1.0) and (−1.5,−2) kpc, respectively. Some signs of this feature are present until Z∼65.0 kpc in the young sample, whereas the old one is almost clustered in the central 1 kpc. Beyond Z=65.0 kpc the young sample is almost centred without significant substructures. On the contrary, the old sample shows a remarkable SW structure extending from Z∼65.0 kpc to Z∼72.5 kpc and beyond (see also JacyszynDobrzeniecka et al. 2016) . Summarizing, the old sample appears to be more elongated than the young one both in the Figure 13 . Three-Dimensional Cartesian distribution of the SMC CCs for the labelled ages. The colour scale is proportional to the star density. In both panels a white filled circle shows the approximate centroid of the whole sample of CCs adopted in this work (α 0 =12.54 deg; δ 0 = −73.11 deg).
E (closer to us) and in the SW (farther from us) directions (this is in contrast with Jacyszyn-Dobrzeniecka et al. 2016 , who found that the stars closer to us are also the youngest). The young sample is thus more compact than the old one, as there are very few young CCs closer than 55 kpc and beyond Z∼70 kpc. Its location is apparently on average more off-centre (see Fig. 14 and Fig. 15 for Z between 60 and 67.5 kpc) with respect to the bulk of old CCs. Taking into account that the LMC is located in the E/NE (depending on the distance) direction with respect to the SMC, we can use this empirical evidence to suggest a tentative explanation for this complex distribution. Thus, the population to which the old CCs belong underwent a strong interaction with the LMC when they had already been formed (i.e. > 140 Myr ago) and the signatures of this event are: i) the distribution of stars closer than ∼60 kpc heavily off-centred in the E/NE direction, i.e. towards the LMC; ii) the spread of old pulsators in the opposite direction (SW), as expected in case of strong tidal interactions (see also Sect. 5). On the contrary the young CCs were probably formed after that event, but part of the gas/material from which they formed was already subject to this gravitational interaction. This would explain the strong off-centred (eastern) position of the majority of the young CCs until Z∼60 kpc, and the NE substructure(s) clearly visible among young pulsators for Z between ∼60 and ∼65 kpc. In this scenario, the lack of young pulsators for Z>70 kpc can be explained by hypothesising that the gas/material tidally stripped in this direction, if any, did not possess sufficient density to trigger strong star formation, because originally more concentrated in the SMC's body (in this region there is no strong recent star formation, see e.g. Rubele et al. 2015) .
This scenario can be further appreciated by plotting the CC distribution in terms of Galactic longitude vs distance, see Fig. 16 . In addition, to show a more complete picture of the Magellanic system, we plotted the positions of the abtype RR Lyrae stars in the same plane for both the LMC (green dots) and SMC (cyan dots). The distances of the RR Lyrae variables in both galaxies were derived from the optical OGLE IV photometry as explained in Appendix B The figure also shows with black arrows the direction of motion of the two galaxies (i.e. the position they will reach in 50 Myr), according to the proper motion measurements of van der Marel & Sahlmann (2016) . This figure suggests that: i) in the SMC, the distributions of the CCs and RR Lyrae have the same elongation, but different shapes, in the sense that the RR Lyrae stars define a larger spheroidal or ellipsoidal volume (see Jacyszyn-Dobrzeniecka et al. 2017; Muraveva et al. 2017 , and references therein); ii) it is confirmed that the distribution of the young CCs is more compact than the old Figure 14 . Cartesian X,Y plane at varying Z for the old sample (age ≥ 140 Myr). As in Fig. 12 , each panel shows a circle centred on (0,0) coordinates and with radius=0.8 kpc.
CCs one; iii) the elongation of the SMC is approximately oriented in the direction of the MW, but there are clear hints of a distortion, visible especially for old pulsators in the direction of the LMC in the distance range from 50 to 60 kpc; iv) the elongation of the SMC CCs is consistent with the direction of the SMC motion.
DISCUSSION
Previous results on the three-dimensional structure of SMC CCs, obtained by Haschke, Grebel, & Duffau (2012) and Subramanian & Subramaniam (2015) , based on OGLE III data, were based on the assumption that the young stars are more likely to have a disk distribution. This assumption was based on the spectroscopic study of young stars by Evans & Howarth (2008) and Dobbie et al. (2014) . The latter authors suggested that the red giant distribution in the SMC is better explained by a rotating disk of inclination and position angle of the line of nodes similar to that of the parameters of the disk found using CCs. These results were contradicted by the recent work of van der Marel & Sahlmann (2016) , who used HST and Gaia proper motions in the SMC, finding no significant rotation (i.e. the signature of a distribution on a disk) for young stars, as that seen in previous studies (but van der Marel & Sahlmann 2016 , state that the next data release of Gaia is needed to obtain conclusive results). In any case, in the disk model by Haschke, Grebel, & Duffau (2012) and Subramanian & Subramaniam (2015) the large elongation along LOS is explained as due to a large inclination of the disk.
However, these outcomes were questioned by recent works based on more accurate measurements (Scowcroft et al. 2016) , or more extended samples (Jacyszyn-Dobrzeniecka et al. 2016) of CCs. Our results, as presented in the previous Section are in substantial agreement with these two latter works. Indeed, we support their conclusions concerning: i) the SMC CC distribution is not planar, but elongated approximating an ellipsoidal shape with significant substructures; ii) a different distribution of the young and old CC samples (Jacyszyn-Dobrzeniecka et al. 2016 ) and the rotation of the distribution in the direction of the LMC (Scowcroft et al. 2016) . However, the high precision of our measurements exploiting the NIR bands allowed us to carry out the finest characterization of the three-dimensional distribution of SMC CCs.
Very recently Subramanian et al. (2017) , using VMC survey data for intermediate-age RC stars, found a foreground population at about 12±2 kpc (with respect to the SMC centre) from the inner (r ∼ 2
• ) to the outer (r ∼ 4 • ) regions in the eastern SMC. They propose that these stars have been tidally stripped from the SMC during the most recent LMC-SMC encounter and thus offer evidence of the tidal origin of the MB. An inspection of Fig. 13-16 reveals that our results do not support such a bimodal distribu- . Polar projection of Galactic longitude coordinates for the old (red dots) and young (blue dots) CC samples in the SMC. For comparison, the ab-type RR Lyrae stars in the SMC (cyan dots) and in the LMC (green dots) are shown. The black arrows show the directions of motion of the two galaxies (the position they will reach in 50 Myr), according to the proper motion measurements of van der Marel & Sahlmann (2016) . We note that according to Jacyszyn-Dobrzeniecka et al. (2017) , the straight lines of stars connecting between R=0 kpc to R=80 kpc in both the LMC and SMC are either true Galactic RR Lyrae variables along the LOS or (in large majority) pulsators whose distances are strongly affected by blending/crowding or other photometric errors. Diaz & Bekki (2012) , whose prediction can be directly compared. The approximate location of the predicted Counter-Bridge are shown with a diagonal cross (centre) in the bottom-left panel and with boxes in the top-left and bottom-right panels. The colour code of the data points is the same as in Fig. 16 . tion of CCs in the eastern regions of the SMC, even for the old CC population, which is expected to be affected by the close encounter with the LMC (the younger one should have formed CCs after that episode) as for the intermediate-age RC stars. However, we have only a few CCs at radii larger than 2
• in the eastern direction (see the top-leftmost panel of Fig. 12) , where, according to Subramanian et al. (2017) , the effect of the bimodality of RC stars is maximum. Moreover, these easternmost CCs are at closer distances to us than the SMC centroid (>8 kpc closer). On the basis of these considerations, we can conclude that the results from CCs and RC are consistent.
The results presented in the previous section can also be compared with the predictions of Diaz & Bekki (2012) . To this end we constructed a figure similar to their Fig. 8 , but using our data for RR Lyrae stars in the LMC and SMC, as well as for young and old CCs in the SMC. The result of this exercise is shown in Fig. 17 , where, following Diaz & Bekki (2012) , we adopted the Magellanic Coordinate System (LMS,BMS) introduced by Nidever, Majewski, & Butler Burton (2008) . It is worth recalling that one of the most prominent features in Diaz & Bekki (2012) 's predictions, is the existence of the Counter-Bridge (CB) in opposite direction with respect to the Magellanic Bridge (MB). The presence of CB in the western region was also discussed briefly in Subramanian & Subramaniam (2015) . There the CB counter-parts are identified as those which are out of the plane and behind the disk, i.e. CCs at distances of 70-80 kpc. In Fig. 17 the CB is expected to be located at (LMS,BMS)≈(−16
• , −6 • ) in the bottom-left panel of Fig. 17 , between −4
• < ∼ BMS < ∼ − 16
• in the top-left panel and −14
• < ∼ LMS < ∼ − 20
• in the bottomright panel. These locations have been approximately highlighted in the figure to make the comparison with Diaz & Bekki (2012) 's Fig. 8 easier. An inspection of Fig. 17 , thus reveals that the regions where the CB is expected are partially populated (both in BMS vs distance and LMS vs distance diagrams) by old CCs as well as RR Lyrae, whereas young CCs are more centrally concentrated. This finding is in agreement with our scenario outlined in Sect. 4.4 and seems to confirm Diaz & Bekki (2012) 's model predictions. Figure 17 shows additional interesting features showing once again the effects of the interaction between the MCs: i) the already known fact that there is no actual separation between the two MCs is clearly visible in these plots; ii) the distribution of RR Lyrae and CCs is clearly disturbed by the presence of the LMC; iii) the distribution of young CCs is different from that of the old ones, being more concentrated and showing a larger rotation towards the LMC, especially in the BMS vs distance plane.
These features are also in fair agreement with Model 2 of Besla et al. (2012) , based on the hypothesis of a direct collision between the MCs, leaving a trail of stars between the MCs. This presence is evidenced by the continuous distribution of pulsators in Fig. 17 (as well as in Fig. 16 ). Besla et al. (2012) 's model also predicts star formation along the MB at an epoch compatible with the age of the CCs (e.g. 100-300 Myr). From our analysis, the CCs closer to the MB appear to be the oldest ones but this does not appear in contrast with this models, given the wide range of ages encompassed by Besla et al. (2012) 's prediction.
CONCLUSIONS
In this paper we have presented the VMC survey's light curves for 717 CCs in the SMC. These data complete and complement our previous Paper I, resulting in a sample of 4793 CCs in SMC for which we provide here Y , J, and Ks average magnitudes, amplitudes and relative errors, calculated as in Paper I. Our work represents the complement to the optical study of CCs in the SMC carried out by the OGLE group (Soszyński et al. 2015b; Jacyszyn-Dobrzeniecka et al. 2016) .
The intensity-averaged magnitudes in the VISTA Y , J, and Ks filters have been complemented with optical V -band data and periods to construct multi-filter P L and P W relations for SMC CCs. In particular, the P L and P W relations in the V, J, and Ks bands for F-and 1O-mode SMC CCs presented in this work are the most accurate to date, based on well-or moderately well-sampled light curves in Ks and J, respectively.
We used these relations to estimate accurate individual CC distances in the SMC covering an area of more than 40 deg 2 . Adopting literature relations, we estimated ages and metallicities for the majority of the investigated pulsators, finding that: i) the age distribution is bimodal, with two peaks at 120 and 220 Myr and a break at 140 Myr; ii) the more metal-rich CCs appear to be located closer to the centre of the galaxy.
We provided the most accurate 3D distribution of the CCs in the SMC to date. We conclude that, in agreement with the literature, the distribution of the CCs is not planar but significantly elongated over more than 25-30 kpc approximately in the E/NE towards SW direction. Our exquisite photometry allowed us to describe in great detail the substructures present in the SMC. In more detail, the young and old CC populations in the SMC seem to show different distributions. The distribution of the old CCs is more elongated with respect to the young one that is more centrally concentrated. Both old and young stars show strong off-centre structures due to the history of interaction with the LMC.
A possible scenario able to explain the present time 3D geometry of the CCs in the SMC is the following: the population, to which the old CCs belong, underwent a strong interaction with the LMC when they were already formed (i.e. > 140 Myr ago). The signatures of this event are: i) the distribution of stars closer than ∼60 kpc heavily off-centred in the E/NE direction, i.e. towards the LMC; ii) the spread of old pulsators in the opposite direction (SE), as expected for strong tidal interactions. On the contrary, the young CCs were probably formed after that event, but part of the gas/material from which they formed was already subject to gravitational interaction. This would explain the strong offcentre (eastern) position of the majority of the young CCs until Z∼60 kpc, and the NE substructure(s) clearly visible among young pulsators for Z between ∼60 and ∼65 kpc. In this scenario, the lack of young pulsators at Z>70 kpc can be explained by hypothesising that the gas/material tidally stripped in this direction did not have sufficient density to trigger strong star formation (in this region there is no strong recent star formation, see e.g. Rubele et al. 2015) .
In addition, our results indicate that the shape of the SMC is elongated and somewhat rotated towards the LMC in the region closer to this galaxy, as expected from the hypothesis of a direct collision or a close encounter some 200 Myr ago.
A detailed comparison between our observations and the Diaz & Bekki (2012) predictions showed a fairly good overall agreement, with the first confirmation of the presence of the CB, remaining after the last close LMC-SMC encounter. It appears now clear that a new generation of models of the MS is needed to explain the detailed and complex structure of the young SMC component traced by its CC population, and described in detail in this paper.
Finally, we do not think that much progress in the knowledge of the geometry of the SMC will be possible in the future from the photometry of CC variables only. Though, information is lacking about proper motions, radial velocities and abundances for these stars. Proper motions will be the subject of future works in the context of the VMC survey itself (see e.g. Cioni et al. 2016) or available for not too crowded objects by means of the Gaia satellite measurements. Massive spectroscopic surveys of the pulsating variables will be possible within a few years thanks to instruments such as 4MOST@VISTA and MOONS@VLT. The sum of this complementary information will eventually allow us to unveil with great confidence the "true" story of the formation and evolution of the SMC and MS as a whole. 
